Abstract. In this paper we will partly classify spaces of characters of vertex operator algebras with central charges 8 and 16, whose spaces of characters are 3-dimensional and each space of characters forms a basis of the space of solutions of a third order monic modular linear differential equation with rational indicial roots.
28 with level 1 is 28, but the space of characters satisfies the differential equations for c = 16.)
Moreover, if we suppose a mild condition on characters of vertex operator algebras, then it uniquely determines (up to some isomorphisms) the spaces of characters of the lattice √ 2E 8 and the Barnes-Wall lattice Λ 16 , respectively. Finally, the reason why vertex operator algebras with central charges 8 and 16 are intensively studied is that there are solutions such that they does not depends on extra parameters (which represent conformal weights). More precisely, E 4 /η 8 and E 2
Introduction
The principal goal of this paper is to list sets of triplets of Fourier expansions which coincide with the sets characters of vertex operator algebras (simply VOA) with central charges 8 and 16. The motivation for doing this was that the lattice VOAs associated with √ 2E 8 (c = 8) and the Barnes-Wall lattice (c = 16) have three simple modules and the spaces of characters are 3-dimensional. However, we found that VOAs with central charges 8 and 16 are very interesting by the reason stated in the following paragraph. It would be a very important problem if we could classify all lattice VOAs. However, this would be difficult since, first of all, even lattices with non-degenerate symmetric forms are not classified and secondly, nonisomorphic lattice could define isomorphic lattice VOAs. Therefore we introduce a new concept of "isomorphisms" (pseudo-isomorphism, weak pseudo-isomorphism) and try to classify VOAs whose sets of characters have central charges c = 8 and c = 16 under these "isomorphisms."
A general form of modular linear differential equation (MLDE) of third order has two parameters c and h, which correspond to central charges and conformal weights if the MLDE has characters of a VOA as a solution. A surprising aspect of the solutions of MLDEs of third order with central charges 8 and 16 is that there are solutions without depending on h, which are E ( q 2 )/η(q) 8 and E 4 (q) 2 /η(q) 16 , respectively. (In fact, E ( q 2 )/η(q) 8 is a modular function of weight 0 on Γ(6) since E 4 (q 2 ) and η(q) 8 are modular forms of weight 4 on Γ 0 (2) and Γ(3), respectively, while E 4 (q)
2 /η(q) 16 is a modular function of weight 0 on Γ(3) since E 4 (q) 2 and η(q) 16 are modular forms of weight 8 on SL 2 (Z) and Γ(3), respectively.) are solutions of MLDEs for any h and c = 8 and 6, respectively. This fact can been seen well from a point of view of writing solutions in terms of the hypergeometric series A basic tool for investing our problems is the concept of vector-valued modular forms (simply VVMF) which was introduced by Mason in [22] . One of advantages of VVMFs is that under some linear condition on leading powers (which we call exponents) of Fourier expansions of component functions of a VVMF forms a basis of the space of solutions of MLDEs whose singularities are located at the origin q = e 2πiτ = 0 (τ = +∞ √ −1π) and are regular. Similar differential equations were previously studied by Milas in [14] - [17] , Adamovic and Milas in [6] .
Let ρ be a representation of the full modular group ρ : Γ 1 = SL 2 (Z) → GL n (C) and F = t (f 1 , f 2 , . . . f n ) a column vector-valued holomorphic function on the Poincaré upper-half plane H (with Fourier expansions) equipped with a property
for every γ ∈ Γ 1 , which is called a vector-valued modular form (VVMF). It is known by Zhu [19] that the space of characters of a simple, rational VOA of finite type (which is usually called C 2 -cofinite) is invariant under the slash zero action | 0 of weight zero on the group Γ 1 . Therefore each basis of the space of characters gives a VVMF of weight zero on Γ 1 . If it forms a basis of a linear differential equations with regular singularity only at the origin, we can apply the "generalized" Frobenius method to determine each character uniquely up to a scalar factor by its conformal weight as long as incidial roots does not have integral differences. However, there are examples that such differential equation does not exist, for instance, the affine VOA associated with the Lie algebra A 2 with level 3 (see [1] for instance). It is noteworthy that even if indicial roots have integral differences, the differential equations does not have logarithmic solutions, i.e., solutions depending on not only q 2πiτ but τ because V is rational (strictly speaking since Zhu's algebras are simple) as known by Zhu [19] . Therefore the spaces of characters of VOAs provide very special examples of the spaces of solutions of MLDEs in the sense that logarithmic solutions do not appear even if its indicial roots have integral differences. 
is called a modular linear differential equation (simply MLDE), if P 2j is a holomorphic modular forms of weight 2j on Γ 1 . The coefficient of d n−1 is 0 since there does not exist a holomorphic modular form of weight two on Γ 1 . Let
. . , f n ) be a VVMF with weight k, whose component functions
are linearly independent. Then, without loss of generality we may assume that λ 1 > λ 2 > · · · > λ n . (This procedure is said to be the normalization.) Suppose that n(n + k − 1) − 12 λ i = 0 which we call the non-zero Wronskian condition. (We introduced this terminology since this equality is equivalent to the non-vanishing property of the modular Wronskian of the component functions of a VVMF.) Then the set { f 1 , f 2 , . . . , f n } forms a basis of the space of solutions of a MLDE (see [12] and [22] for proofs).
One of main purposes of this paper is to show that MLDEs play an important rule when they are applied to the theory of VOAs so far to study the spaces of characters. It is clear that the classification of VOAs is the one of the important problems of VOAs, however, which would not be easy. We propose instead the classification of spaces of pseudo-characters. From the point of view of conformal field theory (CFT), the main problems is to determine the system of current correlation functions. We therefore try to classify the space of characters, though it might be far from the classification of CFTs. Nevertheless, solving this problem contributes the classification of VOAs since there are many cases that if the sets of characters are same, then the corresponding VOAs are isomorphic. (See the minimal models [2] and [3] for examples.)
Let V be a rational, simple VOA of CFT and finite type with a central charge c. Then the space ch V of characters of simple modules of V is invariant under the usual slash zero action of weight zero on SL 2 (Z). We will show under a mild condition (we do not impose neither rationality nor finite type on V ) that the ch V coincides with the space of characters of the lattice VOA associated with the integral even lattice √ 2E 8 Finally, we impose the extra condition on characters that the second coefficients of characters of vacuum modules coincide with ranks of √ 2E 8 ( = 8) and BarnesWall lattice Λ 16 ( = 16). Then the both spaces of characters of lattice VOAs are uniquely determined, however, this condition might be slightly strong.
In Section 1 we review the concepts of VVMFs and MLDEs. The notion of "the non-zero Wronskian condition" is also defined here. The group of symmetries of MLDEs of third order is discussed in Section 2. Section 3 recalls the lattice VOAs associated with the root lattice D n , which will be used later. The VOAs with central charge 8 and 16 are studied in Section 5 and Section 6, respectively, and the main theorems of this paper are stated and proved in the these sections. Moreover, in Appendix we give the precise expression of the Fourier coefficient mentioned in the footnote in Section 6, and will study c = 4 case since c = 4n (n ∈ N) cases seems to be interesting.
Warning. (a)
We have often used the terminologies "central charge" and "conformal weight." But it is an abuse of terminologies because c and h are a central charges and a conformal weight if and only if there exists a VOA whose central charge is c and conformal weight are h. Therefore we should call, for instance, c and h a "formal" central charge and a "formal" conformal weight, respectively. However, in many cases, it is not difficult to distinguish formal one and not formal one. Hence we call them just central charges and conformal weights, which will not cause any confusions. (b) The paper does not intend the classification of vertex operator algebras by isomorphisms, but the one of them by the concept of (weakly) pseudo-isomorphisms, which is defined at very end of Section 3 3 . The general form of MLDEs of third order is written as (using a derivation defined below)
Modular linear differential equations of third order
where E k is the normalized Eisenstein series of weight k on the group Γ 1 = SL 2 (Z) and x, y are real numbers. (The parameters x and y can be complex numbers, however, in this paper it must be rational numbers since we are interested in rational VOAs, whose central charges and conformal weights are rational.)
2 By the successive fundamental column transformations we can always arrange indices as this order. Let V be a VOA with a rational central charge c, whose space of characters is 3-dimensional, and let {0, h 1 , h 2 } be the set of conformal weights whose elements are rational numbers. Suppose that the set {−c/24, h 1 −c/24, h 2 −c/24} of rational numbers consists of indicial roots (the roots of the indicial equation) of the MLDE associated with a VVMF satisfying the non-zero Wronskian condition. Then the set of conformal weights obliviously can be written as {0, h, c/8 − h + 1/2} with a rational number h. (This expression is, in fact, not unique, we have two choices either h = h 1 or h 2 ). Therefore we one can confirm that every MLDE of our interest is written as n=0 a n q n with a 0 = 1 and λ is one of the indicial roots −c/24, h − c/24 and c/12 − h + 1/2. Then using the Frobenius method, one can determine Fourier coefficients a n (n ∈ N) uniquely by the recursive relation
as far as the factors of the left-hand side is not zero, i.e., the indicial roots do not have integral difference, where the σ m (i) is the sum of the mth powers of the divisors of i. The denominator (the left-hand side of the recursions) of a n (n ∈ N) are zero if and only if the following situations simultaneously happen (see Table 1 ).
λ The possibility of indefinite values of {a n } n∈N −c/24 
(b) For c = 8 and λ = h − 1/3 and 7/6 − h the a n never become indefinite if −h, 3/2 − 2h ∈ N and h − 3/2, 2h − 3/2 ∈ N by Table 1 . (c) If λ = −c/24, the coefficient a 1 is well defined when h = 0, 1, c/8 ± 1/2. For c = 8 and 16, the q-series which we obtain are
respectively. In fact, the functions (1.6) and (1.7) satisfy (1.2) for c = 8 and 16 for any h ∈ Q, respectively, which can be verified by using Ramanujan's identities
is the Dedekind eta function. The MLDE of orde 3 with weight k, which has a formal q-series solution f = 1 + O(q), has another expression as
0 * (f ) = f and α ∈ C. Then for k = 4 and 8, E 4 and E Remark. We say that any solution of a MLDE with non-negative integral coefficients a n is of character type, particularly, is of vacuum character type if a 0 = 1. In [18] we have used the fact that the solution f 1 = q −c/24 ( ∞ n=0 a n q n ) with a 0 = 1, which is of vacuum character type of V really does depend on the parameter h, more precisely, a 1 is a non-trivial rational function in c and h, and we were able to obtain values of h which give all solutions of character type of (1.2). The fact that the coefficients of ch V are non-negative integers played an important role to determine h. However, this approach does not work on the present case since 4 f 1 does not depend on the variable h. Therefore we will take an altanative approach in Section 5 and Section 6. But, before describing the results, we introduce symmetries of (1.2), which plays a crucial rule to restrict the possible values of conformal weights h.
Symmetries of modular linear differential equations of third order
It is shown easily that the MLDE (1.2) does not change under the action of the group (which is isomorphic to S 3 ) generated by two affine isomorphisms λ and µ :
which have order 3 and 2, respectively. Suppose that (1.2) has solutions of the form
which are obtained by the Frobenius method, i.e., the coefficients a n are determined recursively by (1.3).
Warning. Throughout this paper, we use f 1 , f 2 and f 3 to denote solutions of (1.2) if they exist, whose indices −c/24, h − c/24 and c/12 + 1/2 − h, respectively, i.e, we always work under the condition given in Table 1 .
Then the action of the group S 3 defined above gives permutations of the set of solutions gives
Therefore for any two numbers c h there exist σ, τ ∈ S 3 such that σ(c) and σ(h) can be considered as a central charge and a conformal weight, respectively, (where we supposed that c and h are originally central charges and conformal weights, respectively) and there are three ways that we can think the elements of {−c/24, h − c/24, c/12 − h + 1/2} as a central charge and conformal weights as being listed in Table 2 . For instance, the space of solutions of (1.2) with the central charge c and the conformal weight h is same as the one with the central charge c − 24h and the conformal weight 0 (see the second row of the Table 2 ).
Central charge Conformal weights
Suppose that (h − 1)(c − 8h − 4) = 0. Then we have = 1, otherwise, since λ 2 (c, h) = (−2c + 12, (−c + 4)/8) = (c, 1). Therefore h = 1 and then (h − 1)(c − 8h − 4) = 0 which is a contradiction.Then a short calculation shows that the second coefficient m of f 1 is given by Suppose that c is an integer. Then h is a rational number if and only if the discriminant
c is a rational number, D is the square of a rational number.) Then (2.3) is equivalent to (by using d )
Since c is an integer, one can verify that
Then each c defines an integer m = c/31 and then rational numbers h by (2.2).
If √ D is an integer, obviously there are two possible rational values of h given by (2.2), which we denote by h 1 and h 2 (or h 2 and h 1 ), respectively. Now, say
Therefore we have the following Table 2 is closed under the action of µ ∈ S 3 , where µ(c, h) = (c − 24h, −h).
. The set of values of h in

We use the following useful
Convention. Two rational numbers c and h are considered as a central charge and a conformal weight, respectively, whenever we write (c, h) ∈ Q 2 . The image of (c, h) of a symmetry in S 3 is denoted by Sans-Serif letters as (c, h ).
Definition.
Let c, c and h, h be complex numbers. We say that the ordered pairs of complex numbers (c, h) and (c, h ) are equivalent if there is an element σ of λ, µ ( S 3 ) such that σ(c, h) = (c, h), We write the sets of corresponding conformal weights by h = (h 1 , h 2 ) and h = (h 1 , h 2 ), respectively. 
Theta series associated to the lattice D n
In this section (for the reader's convenience) we give the explicit forms of characters of simple modules over the lattice VOA associated with the non-degenerate even integral lattice L = D n (n ≥ 4) in terms of the lattice theta series, which will be used later.
Let e i = (δ ij ) ∈ Z n for 1 ≤ i ≤ n, where δ ij denotes the Kronecker delta. We define the lattice L = D n by
which is also written as L = e 1 − e 2 , e 2 − e 3 , . . . , e n−1 − e n , e n−1 + e n Z .
The dual lattice of L is defined by
where , is the standard inner product on Q. Let ξ = e 1 and η = (e 1 + · · · + e n )/2. Then the quotient vector space L
• /L is generated by two residue classes ξ and η (cf. see [8, pp. 89, Example 5.3] for more details). The theta series Θ L of the lattice L and the cosets of the dual lattice L
• are given by
respectively, where
are Jacobi's theta constants which are modular forms of weight 1/2 on Γ(8) (see [4, pp. 118, Section 7.1] for more details). Let N be the maximum divisor of n such that 1 ≤ N ≤ 4, and N 1 the number written in Table 3 . 
Since characters of simple modules of the VOA V L are given by
and rank(L) = n (cf. [7] ), one can verify that
3)
The characters (3.1), (3.3) and (3.3) satisfy the monic MLDE of third order
Let N 2 be as in the Table 4 . Since the Dedekind eta function η is a modular form of weight 1/2 on Γ(24), the function η n is of weight n/2 on Γ(N 2 ), where N is the greatest common divisor of n and 24. Therefore it follows that the characters of affine VOA of type D n (n ≥ 4) are modular functions of level N 3 in Table 5 , where N is the greatest common divisor of n and 12. Table 5 . The levels of characters of affine VOA of type D n with level 1 (n ≥ 4) (N = gcd (n, 12)) It is proved by C. Dong, X. Lin and S-H. NG in [5] (for the reader's convenience Z i (v, τ ) appeared in the paper is a one-point correlation function evaluated at v ∈ V and wt[v] is a weight of V but Virasoro element is distinct of the one of V , in particular, Remark. Since MLDEs which we studied are assumed to come from VOAs, one can suppose that the characters are modular forms of weight 0 on the congruence group of level n determined in Theorem 3.1. However, there are examples of characters whose levels of congruence groups are less than n.
Definition. If the characters of vacuum modules for two VOAs V and W are equal and the set of characters (modules) of two VOAs V and W coincide, we say that these two VOAs are pseudo-isomorphic. Indeed, there is an example that V and W are pseudo-isomorphic but are not isomorphic (see Theorem 5.2). Let ch V and ch W be the spaces of characters of V and W , respectively. If ch V and ch W coincide, we say that V and W are weakly pseudo-isomorphic.
Hypergeometric function and modular linear differential equations
The main motivation in this section comes from monic MLDEs with c = 8 and 16. We start with a monic MLDE of third order with weight zero, which is expressed by means of the Serre derivative
where x and y are complex numbers. The principal goal of this section is to give an explicit expression of a solution of (4.1) in terms of the hypergeometric function 3 F 2 , whose coefficients of Fourier expansions are all non-negative integers. Moreover, we suppose that there is at least a solution of which leading coefficient is one.
For this purpose we introduce the hypergeometric function 3 F 2 by
where (x) r = x(x+1) · · · (x+r−1) for r > 0 and (x) 0 = 1 for any x is the increasing Pochhammer symbol (see [20] for more general hypergeometric series). Using the hypergeometric function one can define three functions 
The two functions x and y in the MLDE (4.1) are also expressed by using hypergeometric expressions as follows:
which will be used in Section 5.1. Setting r 1 = −c/24, r 2 = h 2 − c/24 and r 3 = h 2 − c/24 one can verify that 
Finally, since h 1 = h and h 2 = c/8 − h + 1/2, it follows that Remark. Lemma 18 in [21] shows that the following two statements are equivalent. Let F be a VVMF. Then (1) At least one of the components of F is a modular form on a congruence subgroup, (2) All of the components of F are modular forms on a congruence subgroup.
Vertex operator algebras with central charge c = 8
In this section motivated by the discussions given in section 4 we study VOAs whose central charges are all 8 . We now suppose that (4.1) has a solution of the form f = q −1/3 (1 + mq + O(q 2 )) (as c = 8). Substituting f into (4.1) one can find first x = 1/2 and y = 1/27 if m = 248. However, for m = 248v we only have the linear relation 18x + 54y = 5, and then (x, y) is not unique. Therefore we first work under the hypothesis m = 248.
Generic case.
In this subsection we will work under the hypothesis Hypothesis: m = 248.
Definition. we denote the set of indicial roots and the set of conformal weights by r and h, respectively. It is obvious that the lattice VOA V √ 2E8 and the affine VOA L D8, 1 are not isomorphic as a vertex operator algebra since the spaces of weights one of them are abelian and Lie algebra g = D 8 , respectively. However, they have the same central charge (c = 8) and conformal weights r = {0, 1/2, 1} and h = {0, 1/2, 4/3}. Therefore one can show that the MLDE associated with both VOAs is same, that is given by
Moreover, one can find explicit solutions of (5.1) as follows.
The main idea of finding a solution of the MLDE (5.1) is as follows. First, we suppose by Theorem 3.1 that f i is a modular function and level six since the set of indicial roots is {−1/3, 1/6, 2/3}. Therefore, η 8 f i (1 ≤ i ≤ 3) would be a modular form of weight 4 on Γ(2) and [Γ(2) :
. It is well known that a basis of the space of modular forms of weight 4 on Γ(2) is given by
where x(q) and y(q) are given by
respectively, and they have relations
Secondly, since η 8 f i ∈ M 4 (Γ(2)) for each i is a linear combination of the functions of (5.2), comparing q-expansions of those two (first three coefficients are enough since dim C M 4 (Γ(2)) = 3), for example, one can conclude that f 2 = xy. In fact, the function η 8 f 2 and η 8 xy satisfy the same equations which are equivalent to (1.3). Since enough number of Fourier coefficients of η 8 f i (1 ≤ i ≤ 3) and η 8 xy, for instance, are determined by using the recursive relation (1.3) of f i (Fourier expansion of η is obvious) and by the definition of x and y, respectively, one can verify η 8 f 2 = η 8 xy. Then the exactly same discussions as above give (5.2). Summarizing one has
The conformal weights are 0, 1/2 and 1 and have the integral difference 1 (between 0 and 1). Hence f 1 + sf 3 for any complex number s is a solution with the indicial root 0. Therefore, for instance, {f 1 + 64f 3 , f 2 , f 3 } is another basis of the space of solutions of (5.1). The number 64 is chosen as f 1 + 64f 3 coincides with
Since the dimensions of the weight one spaces of the lattice dim V D8 and the affine VOA L D8, 1 are 120, the characters of them are same and given by
whose Fourier coefficients are non-negative integer since those of x(q) and y(q) are non-negative integers. The q-series η(q) 8 f i and η(q) 8 are modular forms of weight 4 on Γ(2) and Γ(3), respectively. Therefore the functions f i are modular functions on Γ(6) (which does not contradict to Theorem 3.1). Moreover, these solutions are rewritten using theta series as
Since the q-series of indices −1/3 and 2/3 (f 1 + 64f 3 , f 3 , respectively) have an integral difference, one can find another different basis of the space of solutions of (5.1) as
Since the dimensions of lowest weights spaces of simple modules over the lattice VOA V √ 2 E8 with conformal weights 0, 1/2 and 1 are 1, 16 and 128, respectively, its characters are f 1 − 128f 3 , 16f 2 and 128f 3 , respectively (see [4, § 7] for this fact). 
Definition. Let
f − 1 2 E 2 f + 1 2 E 2 − 1 6 E 4 f + 1 27 E 6 f = 0 ,
and the set of characters of V is given by
Remarks. (a) Let V be a VOA and σ is an automorphism of V . Then it is well known that the fixed point set V σ is a vertex operator algebra (which is often called the orbifold of V by σ). Since the structure of orbifold is naturally induced from that of V , the central charges of V and V σ are same. It is known that the orbifold VOA V
has 2 10 simple modules. However, the set of conformal weights is 0, 1, 1/2, and the characters with same conformal weight are equal. The characters of V
are given by , where the automorphism + is defined by α → −α for any α ∈ √ 2E 8 (b) The VOA V √ 2 E8 is also pseudo-isomorphic to the affine vertex operator algebra of type D 8 and level 1, whose characters are given by
which are also written ch V (τ ) = f 1 − 128f 3 , ch 1/2 (τ ) = 16f 2 , ch 1 (τ ) = 128f 3 as before.
Remarks. (a)
We have more two cases, i.e., h = −1/2, 2 and h = −1/3. The former case gives the set of characters of V D20
For h = −1/3, there is an ELDE such that E 4 (q)/η(q) 8 and E 4 (q) 2 /η(q) 16 are solutions, i.e.
The other solution is 2E8 lattice VOA is rational (see [19] ). Moreover, solutions with the conformal weight 0 are not unique since we can add any constant multiple of ch 3 to ch V as we discussed in the previous paragraphs, where ch * is the character of simple V -modules with conformal weight * and ch V is the character of the vacuum module.
Remark. The MLDEs associated with the lattice VOA V √ 2 E8 and the affine VOA L D8,1 are equal. However V √ 2 E8 and L D8,1 are not isomorphic since the weight one spaces of V √ 2 E8 and L D8,1 are abelian and g = D 8 by 0th product, respectively. Therefore, we do not know if V is isomorphic to either V √ 2 E8 or L D8,1 . In other words, this give rises to an example such that the space of the characters does not determine VOAs uniquely.
Exceptional case.
In this subsection we study the case m = 248. (See the first paragraph of section 4). The MLDE associated with m = 248 is given by
is a solution of (5.4) (see (1.6)), one has −5 + 18x + 54y = 0. Then the corresponding MLDE is written as
where x is an arbitrary complex number. First, we suppose that 8 , which are same as being stated in Theorem 5.2.
Secondly, we suppose that m 2 = 4124 and f 1 = q −1/3 (1+248q+4124q 2 +m 3 q 3 + · · · ). Then it follows that (31 + 6x)(m 3 − 34752) = 0. If 31 + 6x = 0, the indicial equation is (3t − 5)(3t + 1)(6t + 5) = 0. The set of solutions of the corresponding MLDE is (θ 3 (q) 20 20 . In particular, one can verify that the second solution has non-integral coefficients as
Let us suppose that m 3 − 34752 = 0 and 
The the set of incidial roots of (5.2) is {−1/3, 5 ± 3(−48x − 5))/12}. Then Ramanujan's relations yield that (5.2) has the solution E 4 (q)/η(q) 8 for any x. Suppose that f 0 = E 4 (q)/η(q) 8 . Then there exists a pair of indicial roots, which has an integral difference. More precisely, there exists n ≥ 2 such that there exists x such that 2) is {(7 − 6n)/6, −1/3, (3n − 1)/3}. Since n ≥ 2, the effective central chargeãĄŕc = 4(6n − 7) and the set of conformal weights is {0, (2n − 3)/2, (4n − 3)/2}. When n = 1 the set of solutions gives the set of characters of L D8,1 with the vacuum character E 4 (q)/η(q) 8 . When n = 2 we have the set of characters of L D20,1 ãĄő (h = 1/2). Now let us suppose that n ≥ 3. Then q-expansion of f 3 whose index is (7−6n)/6 is
Therefore the second coefficients is non-negative integer if and only if n ≤ 7/6 or 5/4 < n < 5/2. Hence we have either n = 1 or 2.
Vertex operator algebras with central charge c = 16
We now discuss the case that h = −1, 3/4. The set of indicial roots of (6.1) 
The set of solutions of (6.1) is 16 ,
The set of solutions of (6.2) is f 1 = E 4 (q) 2 /η(q) 16 , 
Therefore there is no VOA whose characters are as above.
Since it is immediate that if y b 1 is an integer for a positive integer y, then n = (b 1 − 120h + 584)y = 120y(37h − 27)/(h + 1)(4h − 3) is also an integer, and this equation is rewritten as 4nh 2 + (n − 4440y)h − 3(n − 1080y) = 0 for n ∈ Z.
This Diophanus equation in indeterminate h has a rational solution if and only if (n, d, y) ∈ Z 3 satisfies (49n − 30360y − 7d)(49n − 30360y + 7d) = −44236800y 2 .
We now suppose that y = 16, which is motivated by the fact that the maximal dimension of the lowest weight spaces of modules of the orbifold VOA V 
It hence follows by Lemma 2.1 that the values of h give a subset
Finally, since the denominator of irreducible fractions of the fourth coefficient 5 of q-series f 2 has a factor 1 + 4h, one must have h = −1/4. Hence h = µ(−1/4) = 11/4 for µ ∈ G. Therefore h must be an element of the set {1, 2, 3 }. We now study the MLDE for each h case by case basis.
whose the set of incidial roots is {−11/12, −2/3, 25/12}. The solution of the indicial root −2/3 is E 4 (q) 2 /η(q) 16 . Suppose that f = q −11/12 (a 0 + a 1 q + · · · ) is a solution of (6.3). Then one can have f = q −11/12 (1 + 836q + q 2 + · · · ) and 7 − 1034649 = 0 and 17466372 − 56 = 0, which is a contradiction.
(a) h = 1. The set of indicial roots of (6.1) is {−5/3, −2/3, 17/6}. The set of conformal weights is h = {0, 1, 3/2} which coincides with that of the BarnesWall lattice VOA, and the set of indices is r = {−2/3, 1/3, 5/6}. Hence the corresponding MLDE is given by
The first several Fourier coefficients of η(q) 16 f 2 (q) and η(q) 16 f 3 (q) being computed by the recursive relations (1.3) are
Moreover, by Theorem 3.1 the functions η(q) 16 f i (q) (i = 2, 3) are supposed to be modular forms of weight 8 on Γ(2), which can be also seen since η(q) 16 f i (q) are invariant under the action τ → τ + 2.
It is known that the space of modular forms of weight 8 on Γ (2) .8) respectively. By comparing the first two coefficients of η(q) 16 f 2 (q) and η(q) 16 f 3 (q) with a linear combination of (6.5) and (6.6), respectively, one can have
and f 3 = xy 3 .
Since indices −2/3 and 1/3 have an integral difference, the space of solutions with the index −2/3 is linearly generated by E 
which is nothing but eq. (132) in [4] . Since Θ Λ16 (q) = E 4 (q) 2 − 480η(q) 16 f 2 (q) (of course, the levels of E 4 (q) and η(q) 16 f 2 (q) are smaller than that of Θ Λ16 (q)), the characters satisfying (6.4) are given by
16η(q) 16 = 512q 5/6 1 + 52q + 1106q 2 + 14808q 3 + 147239q
The q-series η(q) 16 f i (q) and η(q) 16 are modular forms of weight 8 on Γ(2) and Γ(3), respectively, and hence these characters are modular functions on Γ(6). (There is another way to verify the modularity of the solutions (see [5, Theorem I ] .
Thus the value which is the smallest positive integer N such that all exponents {−2/3, 1/3, 5/6} multiplied by N are integers gives rise to the rank of congruence groups, which is 6.)
Finally, the solution E 2 4 /η 16 is rewritten as
(b) h = 2. The set of conformal weights is h = {0, 1/2, 2} and the set of indices is r = {−2/3, −1/6, 4/3}, which coincides with the set of conformal weights of the affine VOA of type D 16 and level one. The corresponding MLDE is given by
By (3.4) one can find
where Θ D16 (q) = θ 3 (q) 16 +θ 0 (q) 16 /2 is the lattice theta function of the lattice D 16 . In fact, we have
The intersection of the space of modular forms of weight 8 on Γ(2) and q C[[q]] is linearly generated by (6.5) and (6.6) . Similarly, the intersection of the space of modular forms of weight 8 on Γ (2) 
Remark. Though the conformal weights 0 and 2 have an integral difference, the characters are explicitly determined by (6.9)-(6.11) since the second coefficient ch V (τ ) coincides with dim D 16 (see (b) of Remarks after Theorem 5.2 in Section 5).
(c) h = 3. The set of conformal weights is h = {0, 3, −1/2} and the set of indices is r = {−7/6, −2/3, 7/3}. To avoid using modular forms of negative weights (the negative conformal weight −1/2 gives rise to a modular form whose q-series is q −1/2 + O(q 1/2 ) which has a pole at +i∞, i.e., it is a weakly holomorphic modular form. Because we want to use (ordinary) modular forms to have expression characters by using a symmetry, we can suppose that c = c − 24h or 24h − 2c − 12 = 28 and the set of conformal weights is h = {0, 1/2, 7/2}, which coincides with that of the affine VOA of type D 28 with level 1.
The corresponding MLDE is given by
By (3.1), (3.2) and (3.3), one can find that the characters are given by
where Table 3 in Section 3), and Γ(6) (N = 4, N 2 = 6 by Table 4 in Section 3), respectively. Therefore these characters are modular functions on Γ(6) (see Table 5 ). 
Remark.
For m = 271 the corresponding MLDE is given by
which has solutions of the q-series 
Thus there are no solutions of the vacuum character-type. 16 ,
where (c) The Barnes-Wall lattice is uniquely determined (up to a pseudo-isomorphism) by requiring a 1 = 16 (h = 1).
Appendix 1
The exact epression of the Fourier coefficient mentioned in the footnote in Section 6 (at the paragraph which contains (6.3)) is given by 
Appendix 2
In this appendix we study VOAs whose central charge is 4. Let c = 4. As the general form of an MLDE of third order is 
